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We find the coexistence of two kinds of non-abelian anyons, Majorana fermion at the geometric
ends and Jackiw-Rebbi-type bound state (JRBS) at a domain-wall, in a new topological super-
conducting phase in one-dimensional (1D) systems. Each localized JRBS carries a new fractional
quantity, the half of the parity of fermion number. This induces a topological protected crossing at
the zero energy for its eigen-energy. For a chain embedded with a JRBS, one is possible to switch
between the occupied and the empty states of Majorana zero energy state (MZES) by varying the
strength of external magnetic field across that crossing point. This enable a way to encode a quan-
tum qubit into one MZES without breaking parity conservation. We propose that such JRBS and
Majorana fermion can appear in two 1D models, one can be accomplished in an artificial lattice with
staggered hopping, staggered spin-orbital interaction and staggered superconducting pairing in cold
fermion atoms, the other is a 1D semiconductor chain sandwiched between s-wave superconductor
and antiferromagnet.
PACS numbers: 73.63.Nm, 74.45.+c, 14.80.Va, 75.60.Ch
I. INTRODUCTION
It has been proposed that Majorana Fermions (MF)
can exist in a topological superconducting phase (TSP)
at the core of magnetic vortex penetrating a 2-
dimensional (2D) px ± ipy superconductor[1–9] or at
the ends of a 1-dimensional (1D) p-wave superconductor
[5, 10–15]. These MFs, being their own anti-particles,
obey non-abelian braiding statistics so that the quantum
computing based on them is fault-tolerant [3, 16]. In
practice, a quantum qubit is encoded into two Majorana
zero energy states (MZES) but not into one because the
parity conservation prevents the switching between the
occupied and the empty states of a MZES. This restric-
tion definitely increases the complexity of the topological
computation in experiment.
Besides MF, there is another kind of topological im-
purity in 1D system, the Jackiw-Rebbi-type bound state
(JRBS) on a domain-wall[12, 17]. Su and et al. had stud-
ied the tight-binding model of polyacetylene, now known
as the Su-Schrieffer-Heeger (SSH) model, and found that
the soliton state on the domain wall was JRBS[18, 19].
One of the exotic behaviors of the JRBS is that it carries
fractional charge e/2 [18–20]. This is the first quasipar-
ticle, in the single-particle picture, that possesses only a
fraction of the elementary charge e. But in polyacety-
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lene, this fractional charged soliton can not be observed
because the spin degeneracy makes the two fractional
charges in the two spin subspaces compensate to e or 0.
There are many proposals to lift this spin degeneracy for
observing the fractional charge carried by JRBS [13, 21–
23].
Furthermore, JRBS is also a kind of anyon obeying
non-abelian braiding statistics [24]. One may image a
situation with both MF and JRBS and braiding them
together. It has been found that the bound states at the
geometric ends can change from JRBS to MF [13]. But a
1D system that can intrinsically host both MF and JRBS
has not been found.
In this paper, we raise two 1D models that can host MF
and JRBS simultaneously. We are able to switch between
the occupied and empty states of a MZES by varying ex-
ternal magnetic field. This manipulation depends on a
crossing at the zero energy for the eigen-energy of JRBS,
which has been schematically showed in Fig. 1(b). This
crossing is topologically protected so that the manipula-
tion is robust against local disorder.
At the first glance, it seems surprising that a localized
JRBS can affect the global properties encoded in MZES.
The key clue is that in the presence of superconducting
coupling, JRBS has abandoned one of its famous prop-
erties: each JRBS carries fractional charge e/2. This is
due to the broken of fermion number conservation. But
the parity conservation of fermion number is still present
which makes JRBS carry fractional parity(FP), a frac-
tional quantity used to hide behind fractional charge in
the nonsuperconducting models. It is in this way that
2the localized JRBS links with the global property, parity
of total fermion number.
First of all, we want to illustrate how FP occurs in the
1D systems. Suppose there are two infinite chains, A and
B. A is uniform and B has a pair of long separating JRBSs
and is uniform elsewhere. The parameters on A and B are
the same. The two JRBSs on B are far from each other
so that each one can be considered individually. In the
absence of superconducting pairing, the total numbers
of fermions are well defined, denoted as NA and NB in
the chains A and B respectively. A standard Thouless
pump tells us that the two JRBSs in B induce a relation,
|NA−NB| = 1. The fractional charge e/2 carried by each
JRBS is produced in this argument because each JRBS
must take the responsibility of the half of one elemental
charge caused by the fermion number difference. When
the superconducting pairing is nonzero, the conserved
quantities on the chains, A and B, regress from fermion
number to fermion parity, PA(B) = NA(B)mod2. We will
show that the well defined (conserved) quantities on A
and B are different by |PA − PB | = 1. So each JRBS
in a superconducting model takes the responsibility of
the half of one parity difference. This is the source from
where the concept, FP, comes.
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FIG. 1: (Color online) (a) two 1D models we studied. In the
upper model, the double bonds and single bond are used to il-
lustrate the alternative stronger and weaker hoppings between
the nearest neighboring sites. The spin-orbital interaction
αR, as well as the on-site Cooper pairing ∆ are also staggered
along the chain. The domain-wall, simulated by two adjacent
stronger bonds, can host one JRBS (green cloud), while MF
appears at the geometrical ends(red cloud). In the bottom
model, the s-wave superconducting pairing and antiferromag-
netic (AF) order are introduced to a uniform semiconductor
chain by the proximity effect. The domain-wall is simulated
by an AF domain-wall. (b) A schematic illustration of the en-
ergy spectrum of bulk states, the eigen-energy of JRBS and
MZES in the TSP. The blue regions represent the bulk band.
The JRBS must continuously connect the particle and hole
bands and inevitably go through zero energy at a point. The
dotted line shows the eigen-energy of its antiparticle obeying
the particle-hole symmetry.
We will show that these features could be realized in
two 1D systems showed in Fig. 1 (a). The first model
can be realized with cold atoms in an artificial 1D lattice
with staggered nearest neighboring hopping, staggered
spin orbital interaction and staggered superconducting
pairing. The latter one is more easier to be carried out by
sandwiching a semiconductor chain between an antifer-
romagnet(AF) and an ordinary s-wave superconductor.
In our numerical calculation, the domain-wall is simu-
lated by two adjacent stronger(weaker) bonds in the first
model and by an AF domain-wall in the latter one. But
our conclusions, in general, do no depend on the actual
size and shape of the domain-walls.
In section 2, we will concentrate on the first model. Its
phase diagram, the FP JRBS, the coexistence of JRBS
and MF, the unavoidable zero energy crossing for JRBS
and how to encode a qubit into one MZES with the help
of a JRBS are discussed in this section. In section 3, we
study paralleled on the second model. Section 4 is the
conclusions.
II. THE FIRST MODEL
A. The Hamiltonian of the first model
We start from a theoretical 1D tight-binding Hamilto-
nian,
H =
∑
iβ
µc†iβciβ +
∑
iβγ
[1− (−1)iδ](c†i+1βσzβγciγ + h.c.)
+
∑
iβγ
Bc†iβσ
z
βγciγ + αR
∑
i
(c†i↑ci+1↓ − c†i↓ci+1↑ + h.c.)
+
∑
i
∆(c†i↑c
†
i↓ + h.c.). (1)
Here, ciβ and c
†
iβ are the annihilation and creation op-
erators for spinful fermion with spin β on site i and σ’s
are Pauli matrices. The strength of hopping between the
nearest neighboring sites stagger between 1+δ and 1−δ,
where the energy unit is set as the uniform part of hop-
ping strength. Each unit cell contains the sites from the
two sublattices, denoted by A and B, respectively. σz
appears in the hopping term because we have applied a
transformation, c(2n+1)↓ → −c(2n+1)↓, on the odd sites
of the lattice for the upper model showed in Fig. 1(a).
The parameters µ, δ, αR and ∆ are for the strength of
the chemical potential, the staggered part of hopping,
the staggered spin-orbital interaction and the staggered
superconducting pairing, respectively.
Such Hamiltonian, Eq. 1, may be realized with cold
fermions trapped in a 1D laser induced lattice. The stag-
gered hoppings like that in the SSH model has been re-
alized in the experiment[25, 26]. In a recent proposal [4],
the staggered effective spin-orbital interaction can also
be produced with the aid of modern technologies. It was
also known that 1D Fermi gas with spin orbital coupling
was dominated by Fulde-Ferrell (FF) superfluid phase at
the low temperature [27–30]. This FF phase, if prop-
erly choosing the lattice constant of the 1D lattice, can
be simulated with a staggered pairing coefficient. So the
3tight-binding Hamiltonian of the system reads
H =
∑
iβ
µc†iβciβ +
∑
iβ
[1− (−1)iδ](c†i+1βciβ + h.c.)(2)
+
∑
iβγ
Bc†iβσ
z
βγciγ +
∑
i
(−1)i∆(c†i↑c†i↓ + h.c.)
−
∑
i
(−1)iαR(c†i↑ci+1↓ + c†i↓ci+1↑ + h.c.),
where the chemical potential, the staggered hoppings,
the magnetic field induced Zeeman term, the FF super-
fluid pairing and the staggered spin-orbital interaction
are written, subsequently. Through a transformation on
the odd lattice, c2n+1↑ → c2n+1↑ and c2n+1↓ → −c2n+1↓,
the staggered spin-orbital and superconducting interac-
tions are smeared out in the new representation and the
Hamiltonian changes to the effective one in Eq. 1.
B. The phase diagram
We can study the model with the periodic
boundary condition so that the wave vector k is a
good quantum number. The Hamiltonian in the
Nambu, the spin and the sublattice representation
(ψkA↑, ψkB↑, ψkA↓, ψkB↓, ψ
†
−kA↑, ψ
†
−kB↑, ψ
†
−kA↓, ψ
†
−kB↓)
T
reads
H(k) =
(
H0(k) V (k)
V †(k) −H0(k)
)
, (3)
where
H0(k) =


B + µ (1 + δ) + (1− δ)e−ik 0 αR(1− e−ik)
(1 + δ) + (1− δ)eik B + µ −αR(1− eik) 0
0 −αR(1− e−ik) −B + µ −[(1 + δ) + (1− δ)e−ik]
αR(1 − eik) 0 −[(1 + δ) + (1− δ)eik] −B + µ


and
V (k) =


0 0 ∆ 0
0 0 0 ∆
−∆ 0 0 0
0 −∆ 0 0

 .
Through a unitary transformation
U =
1√
2
(
I I
I −I
)
,
the Hamiltonian is transformed to
H(k)→ UH(k)U−1 =
(
0 A(k)
A†(k) 0
)
,
where I is a 4× 4 unit matrix and A(k) = H0(k)+V (k).
For a gapped ring, the band gap can only close at
k = 0 or k = π in the Brillouin zone as varying pa-
rameters. At these phase boundaries, the nonzero bulk
wavefunction at E = 0 implies det(A) = 0. So we have
the two phase boundary conditions, B2 = ∆2 + µ2 +4±
4
√
∆2 + µ2 from k = 0 and B2 = ∆2+4δ2+µ2− 4α2±
4
√
∆2δ2 + δ2µ2 −∆2α2 from k = π.
In Fig. 2, we sketch the phase diagram in B−µ, B−α,
B − ∆ and B − δ planes, respectively by numerically
diagonalizing H(k). The phase boundaries are consistent
with the above two conditions except on the B axis when
α = 0 or ∆ = 0. This deviation is because in these
particular conditions, the model is gapless, which violates
our assumption that the gap closes at k = 0 or k = π.
A topological invariant can be defined by M =
ΦZB
pi
mod 2, where ΦZB is the Zak-Berry phase integrated
over the whole Brillouin zone ΦZB =
∫ pi
−pi
−i〈ψ|∂k|ψ〉dk
and |ψ〉 is the eigenstate with the negative energy at k.
The above topological invariant specified by the Zak-
Berry phase is equivalent to the Pfaffian invariant first
introduced by Kitaev in studying 1D topological super-
conductor [31]. In Fig. 2, we indicate the regions in the
topological superconducting phase (TSP) with M = 1.
The rest regions are for the topological trivial phase with
M = 0. We will show that, the phase diagram contains
two kind of TSPs, denoted by “TS I” and “TS II” in the
figures, respectively. MFs and JRBS can only coexist in
“TS I”, a region existes only when |δ| > |αR|, but not in
“TS II” stemming from B = 2.
These topological nontrivial phases can be confirmed
by the existence of boundary states at the geometrical
ends. In Fig. 3(a), we plot energy spectrum for the
Hamiltonian with open boundary condition. The length
of the chain is N = 400 and the chemical potential
is µ = 0. If not mentioned, in this paper, the spec-
trum show only the eigenenergies with positive energies.
Their counterparts with negative energies are not explic-
itly shown.
Fig. 3 (a) shows that there is one Majorana zero energy
state (MZES) in the band gap in two regions: “TS I” in
0.05 < |B| < 0.65 and “TS II” in 1.7 < |B| < 2.3. There
is also another exotic region in 0.65 < |B| < 1.7, where
two MZESs appear. The double-degenerate Kramers
MF bound states have been discussed in a two-chains
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FIG. 2: The phase diagram in B − δ (a) , B − µ (b), B −∆
(c) and B−αR (d) planes. The other parameters are µ = 0.1,
αR = 0.1 and ∆ = 0.3 in (a), αR = 0.1, ∆ = 0.3 and δ = 0.2
in (b), αR = 0.1, δ = 0.2 and µ = 0.1 in (c) and δ = 0.2,
µ = 0.1 and ∆ = 0.3 in (d). The regions in the TSP with
a topological invariant M = 1 have been indicated explicitly.
The rest regions are for topological trivial phase with M = 0.
The coexistence of MF and JRBS happens only in the TPS
indicated by “TS I”.
model with particle-hole and time-reversal symmetry in
Ref. [32, 33]. The two zero-energy bound states in our
model are similar to this MZES pair but the time-reversal
symmetry has been replaced by the sublattice symmetry
when µ = 0.
In Fig. 3(b), we plot the energy spectrum for the model
with periodic boundary condition and the length of the
ring is changed to N = 401. As the length of the unit
cell is 2, the ring contains insuppressible half unit cell.
So this ring naturally engages a domain-wall and the en-
ergy spectrum exhibit the bound state at the wall. In
Fig. 3(b) MZES disappears as there is no geometric end.
Outside “TS I”, the energies of bound states are adjacent
to the bulk band, implying that the domain-wall can only
be considered as a normal impurity in that case. In “TS
I”, however, a bound state deep-in-gap can evolve con-
tinuously across the zero energy. This implies that the
domain-wall in “TS I” should be considered as a topo-
logical impurity that triggers one JRBS.
C. Another way to understand TSP when µ = 0
When µ = 0, through a unitary transformation
U =
1√
2


1 0 0 0 0 0 −1 0
0 1 0 0 0 0 0 −1
0 0 1 0 −1 0 0 0
0 0 0 1 0 −1 0 0
0 0 1 0 1 0 0 0
0 0 0 1 0 1 0 0
1 0 0 0 0 0 1 0
0 1 0 0 0 0 0 1


,
0
0.1
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FIG. 3: The energy spectrum for N = 400 chain with open
boundary condition (a) and for N = 401 ring with periodic
boundary condition (b). Only the positive eigenenergies are
shown. Parameters are δ = 0.2, ∆ = 0.3, αR = 0.1 and
µ = 0. In (a), a single MZES appears in two regions: “TS I”
0.05 < |B| < 0.65 and “TS II” 1.7 < |B| < 2.3. There are
two MZESs in the region 0.65 < |B| < 1.7. Panel (b) shows
that a domain-wall can bring one bound state deep in band
gap in “TS I”.
the Hamiltonian can be decoupled into two partitioning
parts
H → UHU † =
(
H+ 0
0 H−
)
, (4)
where
H− = −


B −∆ (1 + δ) + (1− δ)e−ik 0 αR(1− e−ik)
(1 + δ) + (1− δ)eik B −∆ −αR(1 − eik) 0
0 −αR(1− e−ik) −B +∆ −[(1 + δ) + (1− δ)e−ik]
αR(1− eik) 0 −[(1 + δ) + (1− δ)eik] −B +∆


and
H+ =


B +∆ (1 + δ) + (1− δ)e−ik 0 αR(1− e−ik)
(1 + δ) + (1 − δ)eik B +∆ −αR(1− eik) 0
0 −αR(1− e−ik) −B −∆ −[(1 + δ) + (1− δ)e−ik]
αR(1− eik) 0 −[(1 + δ) + (1− δ)eik] −B −∆

 .
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FIG. 4: The band dispersion with k for the two partial Hamil-
tonians, H− (a) (c) (e) (g) and H+ (b) (d) (f) (h). The pa-
rameters are αR = 0.1, δ = 0.2, ∆ = 0.3 and B = 0.3 (a) (b),
B = 1 (c) (d) B = 2 (e) (f) and B = 2.6 (g) (h).
We show the dispersion of the eigen-energies for the
two partitioning parts, H− and H+, in different phases
in Fig. 4, respectively. (a), (c), (e) and (g) are for H−
and (b), (d), (f), (h) are for H+. The four rows of panels
show the dispersion with B = 0.3 (in “TS I”), B = 1,
B = 2 (in “TS II”) and B = 2.6, respectively. The band
inversion happens only in one partitioning part of the
Hamiltonian in “TS I” and “TS II”. This is consistent
with our conclusions that “TS I” and “TS II” are in the
TSP with only one MZES. The region in between I and
II can host totally two MZESs, one in H+ and the other
in H−.
D. Fractional parity JRBS
Next, we will use a topological argument to prove that
each JRBS carries FP. From this, we can conclude that
the zero energy crossing for JRBS is unavoidable. Af-
ter that, the application of this property on the control-
lable switching of the occupation states of a MZES is
presented.
We use the evolution of Wannier functions (WF) dur-
ing the Thouless pump to complete a topological proof
of the assertion raised in the introduction.
We extend the Thouless pump (charge pump), first in-
troduced to the SSH model [12], to the present spinful
model. It is introduced by modifying the Hamiltonian
with an extra parameter φ, H(φ) = H0(φ) + Hst(φ),
where Hst(φ) =
∑
i hst sin(φ)(−1)i(c†i↑ci↑ − c†i↓ci↓) and
H0(φ) is a modified Hamiltonian by replacing δ with
δ cos(φ) in Eq. 1. The absolute value of hst is mod-
erate so that the band gap at the Fermi energy is not
closed during the pump.
The most localized WFs [34–36] for the occupied bands
are obtained from the eigenvectors of the tilde position
operator R˜(φ) = Pˆ (φ)RˆPˆ (φ), where Rˆ is the position op-
erator extended to the Nambu representation and Pˆ (φ) =∑
α∈occupied states |α(φ)〉〈α(φ)| is the project operator on
the occupied states (E < 0) for the Hamiltonian H(φ).
Here the position operator is Rˆ = diag(1, 2, · · · , N)τ0,
where τ0 is the 2×2 unit matrix in the particle-hole sub-
space and diag(1, 2, · · · , N) is a diagonal matrix with the
diagonal elements running through lattice sites from 1 to
N . The eigenvalues of R˜(φ), denoted as Rs, are the cen-
tral positions of the WFs. It should be noticed that in the
Nambu representation, each unit cell contributes 4 WFs
while in a half filled spinless SSH model, it contributes
only 1 WF.
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FIG. 5: The energy spectrum for H(φ) with open bound-
ary condition (a) and the associated center positions of WFs
(b).The length of the chain is N = 400. Parameters are
δ = 0.2, ∆ = 0.3, µ = 0.1 αR = 0.1 and hst = 0.3. The color
palette in (b) is indicating the weights of WFs projected onto
the particle subspace in Nambu representation.
In Fig. 5, we plot the energy spectrum (a) and the cen-
ter positions of WFs (b) during the Thouless pump with
the parameters in “TS I”. The energy spectrum shows
that with the moderate value of hst = 0.3, the band gap
keeps open during the pump. This fact ensures that the
WFs are localized and their center positions showed in
(b) are reliable [37]. According to the evolution of the
center positions of WFs showed in Fig. 5(b), these WFs
can be classified into two groups, one corresponding to
the WFs that do not change their position after a circle
of pump and the other corresponding to the WFs that
change their positions by one unit cell. The WFs in the
latter group can be further divided into two kinds, one(in
blue) is those moving in the positive direction with φ and
the other (in red) includes those moving inversely.
In the above subsection, we show that the Hamilto-
nian can be decoupled into two parts, H±, when µ = 0.
Increasing µ from 0 prohibits this decoupling but the
topological properties of the band keep invariant until
6the band gap closes. After compared Fig. 5 (b) with
the evolution of the center positions of the WFs for the
partitioning Hamiltonian H±, shown in Fig. 6, we can
conclude that the above two groups of WFs inherit the
evolution with φ from those of the partial Hamiltonians
H±, respectively. The WFs inherited from those of H+
experience a trival evolution (WFs come back to their
initial positions) after a circle of pump while the other
set that undergo a nontrivial evolution (WFs switch one
unit cell) come from H−. If transforming H± back to the
lattice representation through an inverse Fourier trans-
formation, one can find MF at the ends in H+ and JRBS
at domain-wall in H−.
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FIG. 6: The evolution of the center positions of WFs during
the Thouless pump for the two partitioning Hamiltonians, H+
(a) and H− (b). The parameters are same as those in Fig. 5
except µ = 0.
We have also studied the evolution of the center po-
sitions of WFs with the parameters in “TS II”. But the
WFs do not show any nontrivial evolution in that case.
Fig. 5(b) can help us recognize that each JRBS carries
FP. The topological proof includes 4 steps and we would
like to highlight the goal of each step at the first. In
the 1st step, besides the chains A and B raised in the
introduction, an auxiliary chain C is employed. C is not
uniform but with the pump parameter φ varying slowly
along it from 0 to 2π. The other parameters are the
same as those in the uniform chain A. From the evolution
of WFs showed in Fig. 5 (b), on account of the total
numbers of WFs, we can conclude that chains C and A
are different by one pair of WFs. In the 2nd step, we
prove that chains B and C have the same numbers of
WFs. So with the bridge: chain C, we find that chains
A and B are different by the pair of WFs in the number
of total WFs. In the 3rd step, at a particular set of
parameters, µ = 0, B = 0.3 and αR = 0, the pair of WFs
implies that the total number of quasi-particles in A and
B are different by one in the representation of H±. In
the 4th step, after coming back to the original Nambu
representation, the above one quasi-particle difference is
equivalent to the parity difference between chains A and
B. When the parameters leave away from these particular
ones, the above conclusion is not modified as long as they
are still in “TS I”.
The first step.— Let us compare the center positions
of WFs in the two infinite chains A and C, which are de-
scribed by the Thouless pump Hamiltonian H(φ). Chain
φ(x=-   )=0 φ(x=   )=2π
x
φ(x)=0
Chain C
Chain A
ii-1i-2 i+1 i+2 jj-1j-2 j+1 j+2
FIG. 7: Chain C is describing by the extended Thouless
pump Hamiltonian H(φ(x)) with φ(x) slowly varying along
the chain. The short vertical lines in the two zoomed pictures
represent the localized WFs. There are 4 WFs in each unit
cell and i,j are used to denote the positions along the chain.
A is a uniform chain with φ = 0 (the Hamiltonian
regresses to Eq. 1) and B is a chain on which φ is
slowly varying 2π along it, which have been schemati-
cally showed in Fig. 7. Without loss of generality, we let
φ(x = −∞) = 0 and φ(x =∞) = 2π in C. Because φ(x)
is varying very slowly, in each macroscopically small but
microscopically large segments, it can be considered as a
constant. This ensures us to find the positions of the WFs
in each segment in the latter chain. For the segments at
x = −∞, the positions of WFs in two chains are iden-
tical. But as x is increasing, compared with those in A,
a set of WFs (in blue) in C begins to misalign slightly
in the positive x direction while another set of WFs (in
red) has misaligned simultaneously in the negative direc-
tion, as showed in the figure. As we sweeping our focus
through the chains from x = −∞ to x = +∞, the above
misalignments increase and finally reach ±2, the length
of a unit cell. This can be considered as that tunning on
φ(x) in chain C will push a WF (in blue) outside and pull
a WF (in red) inside at x = +∞. So we can conclude
that compared with the uniform chain, C donates one
WF (in blue) and accepts another WF (in red).
The second step.— Now we relax the restriction that
φ(x) is varying slowly along C. This relaxation does not
affect the above conclusion because the local fluctuations
of φ(x) can not distort the global property happening at
x = +∞. For simplicity, we let φ(x) jumps π at two long
separating points and keeps constant elsewhere. This
new layout of φ(x) is just describing a chain with a pair
of domain-walls, which is chain B actually. So this pair
of domain-walls must take the responsibility of the pair
of WFs that have been lost and gained. Because the two
domain-walls are identical through a mirror reflection,
their properties must be the same. So each domain-wall
is in response to one half of the WF pair.
The third step.— With the particular parameters, µ =
0, δ = 0.2,∆ = 0.3, B = 0.3 and αR = 0, the Hamil-
tonian H(k) can be decoupled into two parts, H±. The
pair of WFs that have been lost and gained comes from
7those of H−. So we only need to focus on the partial
Hamiltonian H−, which has been given explicitly. In this
representation, αR is playing the role of superconducting
pairing. When αR = 0, this Hamiltonian regresses to a
standard spinless SSH model. The dimension of H− has
been extended from that of the standard spinless SSH
model,2 × 2, to 4 × 4 because a Nambu representation
is still taken. The two sets of WFs, in blue and in red,
come from the empty conduction band and the filled va-
lence band of the SSH model, respectively[38]. So in the
representation of H−, the pair of lost and gained WFs
corresponds to one quasi-particle difference.
The fourth step.— After returning back to the ordinal
Nambu representation ofH(k), the one quasi-particle dif-
ference between A and B corresponds to the difference of
the parities of fermion numbers in A and B. Tunning on
αR and µ does not disturb this conclusion because the
spin-orbital interaction and chemical potential commute
with particle number operator so that they also commute
with the parity.
Through the above 4 steps, we have topologically
proved that the total fermion parity on chains A and
B, PA and PB , are different, |PA − PB| = 1. So each
JRBS takes the responsibility of one half of the parity
difference and FP comes out naturally.
We also numerically calculate the parity of the chains
A and B with length N = 400 and periodic boundary
condition. The fermion parity is calculated by P =
rank(v) mod 2 [39], where rank(v) is the rank of Bogoli-
ubov matrix v. We confirm that |PA − PB| = 1 in “TS
I” and |PA − PB| = 0 elsewhere.
E. The nonuniversal average charge carried by
JRBS
We have argued that, when the superconducting pair-
ing is nonzero, JRBS should not carrying the universal
fractional charge e/2, because the particle number is not
well defined. We numerically confirm it by calculating
the electric charge Q (in the units of e) carried by a
JRBS [20],
Q = ρWDL − ρ0L, (5)
where ρWDL is the average total particle number in a seg-
ment with a domain-wall at its center and ρ0L is the aver-
age particle number for a segment without the domain-
wall. L is the length of these segments which should
exceed the localization length of JRBS. In the numerical
calculation, we choose L = 200 which is long enough for
a saturated Q.
The electric charge Q as a function of B is showed in
Fig. 8. It is confirmed that Q becomes non-universal and
is dependent on µ, as well as on B in “TS I”. When µ =
0, the domain-wall becomes neutral because the particle
number on each site is exactly one, independent of the
presence of domain-wall. When µ 6= 0, the nonzero Q is
smoothly varying in “TS I”, except near a B0 at which its
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FIG. 8: (Color online) Electric charge carried by a domain-
wall. The system is a ring embedded with a domain-wall with
the parameters, δ = 0.2, ∆ = 0.3 and αR = 0.1. The length
of the ring is N = 401 and the length of the segments are
L = 200. ρWDL and ρ
0
L are numerically calculated on a half of
the ring with the domain-wall at the center and on the part of
the rest half (excluding one site at the end),respectively. The
inset shows the energy spectrum for the ring with µ = 0.4.
The arrow indicates the consistence of the point at where the
zero energy crossing happens and electric charge Q switches
sign.
sign is switched. This sign switching is directly associated
with the zero energy crossing for JRBS showed in the
inset. In inset, we show the energy spectrum for the
ring with µ = 0.4. The eigen-energy inside the bulk gap
is for the JRBS on domain-wall. It is the particle-hole
transition for the JRBS around the zero energy crossing
point that changes the sign of electrical charge Q.
In “TS II”, the charge shows a peak and a dip at the
phase boundaries. But it is almost zero in the region. We
suggest that the peak and dip are due to the quantum
fluctuation accompanied with the band gap closing.
F. Unavoidable zero energy crossing
The energy spectrum in inset of Fig. 8 (as well as
in Fig. 3) shows a zero energy crossing for JRBS. Now
we apply a topological argument to prove that the zero
energy crossing is unavoidable. We start from a proof
by contradiction by supposing that the energy spectrum
for JRBS does not cross zero energy. If that is ture,
one can modify factors, i.e., the size of the domain-wall,
to continuously change its eigen-energy from deep-in-gap
to near the bulk band. In this case, the eigenenergy of
JRBS is not different from that of a normal impurity.
When embedding such a domain-wall in a uniform chain,
its contribution of fermion parity is fixed, either 0 or
1. When the embedded domain-walls become two, their
total contributions of fermion parity become 0. But as
we have showed, |PA − PB| = 1, which requires that
the two JRBSs must contribute an extra fermion parity.
8Here, we get the contradicting results so that the initial
assumption must be wrong. So the FP JRBS in “TS I”
must trigger an eigenstate with its eigenenergy crossing
the zero energy inevitably.
One can confirm the robustness of the crossing by
studying a disordered lattice. Here we study a model
with the disordered hopping integral between the near-
est neighboring sites, δi = δ(1+wi), where δ = 0.2 and wi
is randomly distributing in [−0.6, 0.6]. The spectrum is
showed in Fig. 9. It shows that the zero energy crossing
for the eigenenergy of JRBS is robust against the lattice
distortion.
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FIG. 9: The energy spectrum for a disordered lattice. The
parameters are the same as those in Fig. 3. The disordered
system is a N = 401 chain with open boundary condition and
embedded by a domain-wall at the center.
G. Majorana Fermion and JRBS
In the previous discussion, our focus is on JRBS. In this
subsection, we show the coexistence of MF and JRBS and
how to switch between the empty state and the occupied
state of MZES with the help of JRBS.
In Fig. 10, we show the typical energy spectrum for an
open chain embedded with a domain-wall at the center.
In “TS I”, the persistent zero energy state is MZES and
the nonzero eigen-energy of JRBS crosses the zero en-
ergy at B0. As showed explicitly in the figure, the wave-
functions of these states are localized at the domain-wall
for JRBS and at the geometrical ends for MZES.
When we ignore the MZES by modifying the geometry
of the model from chain to ring (no geometrical ends).
It is known that the fermion parity of ground state of
the ring is changed when B is varying across B0 because
of the zero energy crossing. This is confirmed by the
numerical calculation on the parity of the ring. So the
ground states on B < B0 and B > B0 in “TS I” have
different fermion parity. Therefore, if we increase B to
cross B0 with a ring at its ground state initially, the final
state must be an excited state and can not spontaneously
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FIG. 10: (Color online) Upper panel: energy spectrum for
the chain embedded with a domain-wall. Lower panel: ampli-
tudes of wavefunctions of MZES and JRBS in representation
(ci↑, ci↓, c
†
i↑, c
†
i↓)
T , where i runs through the lattice sites from
1 to N = 401. The other parameters are the same as those in
Fig. 8 except µ = 0.
jump back to the final ground state because the parity is
conserved in this process.
When the MZES is reconsidered in a chain, the above
excited state can jump back to the final ground state
by a parity compensation on MZES. This compensation
is achieved by the switching between the empty state
and the occupied state of MZES because this switching
contributes one parity change. In this manner, with the
help of a JRBS embedded in the chain, we would be able
to flip between the two states of the MZES still in the
restriction that the total fermion parity is conserved. A
quantum qubit can be encoded into these two states of
one MZES, while in chains without JRBS, two MZESs
are needed.
III. THE SECOND MODEL WITH LOCAL AF
ORDER.
The Hamiltonian reads,
H =
∑
iβ
[(c†iβci+1β + h.c.) + µc
†
iβciβ ]
+iαR
∑
iβγ
(c†iβσ
y
βγci+1γ + h.c.)
+
∑
iβγ
c†iβ(
~B − ~Mi) · ~σβγciγ
+∆
∑
i
(c†i↑c
†
i↓ + h.c.), (6)
where hopping, chemical potential, spin-orbital interac-
tion, Zeeman interaction caused by a uniform magnetic
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FIG. 11: The energy spectrum for a N = 400 chain with
open boundary condition (left column) and for a N = 401
ring with an AF domai-wall (right column). The parameters
are θ = 0.6, ∆ = 0.3 and αR = 0.1 in these panels. M is 0
(a) (b), 0.5 (c) (d), 0.8 (e) (f) and 1 (g) (h).
field ~B and staggered local magnetic momenta ~Mi and
s-wave superconducting pairing are expressed, respec-
tively. We fix the magnetic field in the x − z plane with
~B = sin(θ)Bzˆ + cos(θ)Bxˆ and the staggered local AF
momenta are in the x direction, ~Mi = (−1)iMxˆ.
In experiment, AF magnetic order and s-wave super-
conducting pairing can be introduced to a 1D semi-
conductor through proximity effect by sandwiching it
with AF material and superconductor.
This Hamiltonian in the momentum
space in the representation of the sublat-
tice, the spin and the particle-hole subspaces
,(ψkA↑, ψkB↑, ψkA↓, ψkB↓, ψ
†
−kA↑, ψ
†
−kB↑, ψ
†
−kA↓, ψ
†
−kB↓)
T ,
reads
H =
(
H0 V
V † −H0
)
, (7)
where
H0 =


µ+B sin(θ) 1 + e−ik B cos(θ) +M αR(1− e−ik)
1 + eik µ+B sin(θ) −αR(1− eik) B cos(θ)−M
B cos(θ) +M −αR(1− e−ik) µ−B sin(θ) 1 + e−ik
αR(1− eik) B cos(θ) −M 1 + eik µ− B sin(θ)

 ,
and
V =


0 0 ∆ 0
0 0 0 ∆
−∆ 0 0 0
0 −∆ 0 0

 .
When µ = 0, the above Hamiltonian can also be de-
coupled into two partitioning parts,
H →
(
H+ 0
0 H−
)
, (8)
where
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H+ =


B sin(θ) + ∆ 1 + e−ik B cos(θ) +M αR(1− e−ik)
1 + eik B sin(θ)−∆ −αR(1− eik) B cos(θ)−M
B cos(θ) +M −αR(1 − e−ik) ∆−B sin(θ) 1 + e−ik
αR(1 − eik) B cos(θ)−M 1 + eik −B sin(θ)−∆


and H− = −H+ after a unitary transformation
U =
1√
2


1 0 0 0 0 0 −1 0
0 1 0 0 0 0 0 1
0 0 1 0 1 0 0 0
0 0 0 1 0 −1 0 0
0 0 −1 0 1 0 0 0
0 0 0 1 0 1 0 0
1 0 0 0 0 0 1 0
0 −1 0 0 0 0 0 1


So when µ = 0, phase transition happens
at the points M2 = B2 cos(2θ) + ∆2 − 4 ±
2
√
−B4 cos2(θ) sin2(θ) +B2∆2 cos2(θ) + 4B2 sin2(θ) − 4∆2
and M2 = B2 cos(2θ) + 4α2R + ∆
2 −
2B
√
−B2 cos2(θ) sin2(θ) + ∆2 cos2(θ)− 4α2R sin2(θ).
In Fig. 11 we plot the energy spectrum for a chain
with open boundary condition (left column) and for a
ring with one AF domain-wall on it (right column). Like
that in the first model, the AF domain-wall is simulated
by two adjacent Mis pointing to the same direction. We
find in the cases (c), (d), (e) and (f), there is a TSP in
which a MF zero energy bound state can coexist with a
JRBS. These properties are the same as those showed for
the first model.
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FIG. 12: The electric charge carried by an AF domain-wall.
The parameters are θ = 0.6, ∆ = 0.3, αR = 0.1 and M = 0.2.
We numerically calculate the electric charge carried by
an AF domain-wall. As Fig. 12 shows, it is non-universal
just as that in the first model. We also numerically cal-
culate the parities of fermion numbers for chains like A
and B. The result is same as that in the first model. So
the JRBS attached to the AF domain-wall in this model
is also carrying FP. As we have discussed in the previous
model, this means that the eigenenergy of JRBS must
suffer an unavoidable zero energy crossing.
IV. CONCLUSIONS
We have showed that JRBS and MF can coexist in a
TSP in 1D models. The eigen-energy of the FP JRBS suf-
fers an unavoidable zero energy crossing. This crossing
separates the TSP into two parts with different parities
for the ground state. This can be used to switch between
the occupied and the empty states of MZES under the
conservation of total fermion parity. One should be able
to observe such effect by measuring the Josephson current
through MZES. As the magnetic field is modified across
the crossing point, the Josephson current should suffer
a sudden sign jump because the parity on the MZES is
changed. It still remains challenging how to experimen-
tally observe the FP JRBS directly. One possible way is
to apply the proposal in Ref. [22], although the electric
charge on the domain-wall is not e/2 in this case.
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